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=l Introduction

Kepler's equation occurs in the context of the Newtonian two-body problem. The relative
orbit of one body with respect to the other is easily characterized with the true anomaly as the
independent variable. The true anomaly isjust the angle: pericenter — focus — body, where focus
isthe ellipse focus around which the body moves. Thisis adequate for determining the orbit in
space — its shape, size, and orientation. However, if one wishes to determine the orbit in time,
things get more complicated, and one must solve Kepler's equation:

f =esinf +M
wheref (t) isthe eccentric anomaly, e isthe orbital eccentricity, M =n (t - to) is the mean anomaly
: tO isthe time of pericenter passage, and n isthe mean motion. The true and eccentric anomalies
are related by
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cosf - e

cosn=
1- ecosf
and
) Al 1- e2 sinf
snn=—"—"—"—"—
1- ecosf

Hence, to determine n(t) we must first solve Kepler's equation for f (t).

Since Kepler's equation is transcendental, we require iterative or series expansion approaches.
Numerically, one can employ various fast algorithms. Here, we are not concerned with numerical
methods but rather the analytical properties of the solution, so we will consider algebraic

| approximations.

= ellipse cartoon calculations

restart
with( plottools)
L with(plots)
a:==>5
b:=4

Yrmax =

:N::25

15p
24

x:=array(1..N)
y:=array(1l..N)

. (- 1) Gy a(l- &) _
foritoNdon:= = ;X.:=rcos(n)+c;y. :=rsin(n) od
L N-1 1+ecos(n) | I
pl:=é€lipse([ 0, 0], a, b, filled = true, color = yellow)

I p2 := polygon([[c, O], %q([xi,yi], i=1.N),[c, 0]], color =red)

( display(p2, p1, axes = normal, scaling = constrained)
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=l An Iterative Method

Make afirst approximation, f =M, and substitute into the rhs of the Kepler equation
f =esin(f) + M to get a better approximation. Keep doing this. One finds the following
| succession of approximations:

restart
L dias(f =f(e, M))
[Keq:zf =esn(f)+M
[N::6

phi [ 0] =M
for j to N do
phi[j] = subs(phi=rhs(%,rhs(Keq));
subs( f=phi, expansion( subs(phi=f,%, e, | ) );
col l ect(conmbine(%trig),e);
print(%

od
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flzesin(M)+M

1
f,=M+esin(M) +§e25in(2 M)

f = in(3M in(M —... 3+ in(2M) + esin(M M
sin - —sn e e gan esin +
3 28 ( ) 8 ( )ﬂ 2 ( ) ( )

in(4M) - Ssin(2M) 26 + o sin(3M) - =sin(M) 263 + 2 €2 sin(2 M) + esin(M) + M
— SN - —d9gn Te — SN - —dgn e —e sn esn
Jsn(am) - sin(2M)Fe’ +E-sin(3M) - Zsin(M)2e’+ e sin(2M) +esin(M)
f =8 2L Gn3M) + = sin(M) + 2 sin(5 M) 2e8 + B sin(4 M) - ~sin(2 M) 2e?

=e- —__9n —_9Sn — 9N e — SN - —dgn e

5°& 128 192 384 Al 6 5

+ in(3M in( M + in(2M) +esin(M) + M
Sin - —sn e e gan Sin
g8 ( ) 8 ( )ﬂ 2 ( ) ( )

f ael'2M+27'6M 4'4M(.'j6
=g—sn —sin - ——sin Te
6 848 (2M) 80 (6M) 15 ( )z
e 27 1 . 125 | 05 & 1 o 4
+g sm(3M)+—sm(M)+—sm(5M)ge +g58|n(4M)-gsm(2M)3e

- 128 192 384

+ in(3M in( M —... + in(2M) +esin(M M
— SN - —sn e +—e dgn esin +
28 ( ) 8 ( )ﬂ 2 ( ) ( )

=I A Series Expansion Method

Another approach, which yields the same result, isto construct atrial solution in the form of a

N
power seriesin eccentricity,f = 4 C_e"
n=0 "
2 3 4 5 6
=C_+ + + + + +
I f C0 Cle C2e C3e C4e C5e C6e
Substitute this back into the Kepler equation and solve for the coefficients. HereisaMaple
| procedure that does this:
Ho o o o o o o o o o o e e e e e e e e e e e e e e e eeeeaas
# Solve an equation phi = F(phi,eps) by series expansion, where
# phi is the solution variable and eps is a snall paraneter.
Hoo o o o o o o o o o e e e e e e e e e e e e e eeeeao o
xsol ve : = proc( expr::{al gebraic, al gebrai c=al gebraic},

sol n_var::{nane, function},
smal | _param : nane,
expansi on_order:: posint )
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local k, eqgn, sols, S, trial, C

if type(expr, =) then
= I hs(expr) - rhs(expr);
el se
S = expr;
fi;

#Create a trial solution of the form

# phi = 0] + C1]*eps + ... + (N *eps™N
#and substitute that into the equation, then
#expand into a power series to order N

trial := sunm( C[k]*small _parantk, k=0..expansion_order );
subs( soln_var=trial, S);
S .= expansion( % snall_param expansion_order );

#Sol ve for the coefficients k], starting with (0]
#and successively working our way up to C[N], by equating
#coefficients of |ike powers of eps to zero.
sols :=1[1];
for k fromO to expansion_order do
coeff( S, small_param k );

eqn : = isolate( subs(sols,%, k] );
if nargs > 4 then
eqn : = args[5]( eqn, args[6..nargs] );
fi;
sols := [ op(sols), eqn ];
od;

sol n_var = subs( sols, trial );

end:

[ Applying thisto the Kepler equation, we find
xsolve(Keq, f, e, N, combine, trig)

. 1. 2 3 1. 0 3
f :M+S|n(M)e+—sm(2 M) € +g—sm(3 M) - —sm(M)ie

+6- — 2M +1 4 M + —7 3M +i M+% 5M
g sm( ) sm( )e g sm( )1923m() 84sm( )—

&l 27 4
+g483m(2 M) +—sm(6 M) - —sm(4 M) e

[ f6:=%
[ Notice that we can regroup this as a Fourier series:

collect(%, sin)

ael 1 1 46 A 4 g0 125
— 0426 —e4isin(2M)+g—e4- —eGisin(4M)+—essin(5M)
48 2 6 3 15 384
el 3 5 0 27 50
+g - +—e +ex sm(M)+—sm(6M)e g e -—e zsn(3M)+M
8 192 [ 80 8 128 @
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=l A Fourier Sine Series Expansion and Resulting Bessdl
Function Representation for the Coefficients

Suppose we expand esinf in a Fourier series:
¥
esinf = & 2b, sin(kM)
k=1
where

P
pbk:§ esin(f) sin(kM) dM

| Integrate this by partsto get
p bk = intparts(rhs(%), sin(f ))

©

2 o
cos(f ) ﬂ—MfEecos(kM)

sin(f (e, p)) ecos(kp) N sin(f(e 0)) e )

dm
P By K K

k

o OOOOO00O00:
1

Thefirst two terms are zero, so we are left with p b, = select(has, rhs(%), Int):

k

©

e o
cos(f)gﬂ—Mfgecos(kM)

dM
k

e
o
o~
1
1
o OOOO0O0O000-
1

& 0 . .
Now, ﬂiMfEecos(f)szd(esin(f)). Hence, since we can also writeesinf =f - M, we have

d(esin(f))=df - dM and

p p
cos(k M) cos(kM)OI
k k

af - M

pb =

o OO0
o OO0

[ The second integral is zero for integer k* O:
| Int(cos(k*M/k, MO..Pi): %= val ue(%;
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cos(k M) dM = sin(kp)

o OO0
~
N

Thus, we are left with

p
cos(k (f -kesm(f ))) of

pbk=

o OaDOOO-

Now, the Bessel function of thefirst kind is defined as

P
pJ (x)=8 cos(ng- xsin(a)) dg
0

wherenisaninteger. Therefore, finally, we have

) _Jk(ke)
k™ k
and
ae¥ Jk(ke)sm(kM)g
f=M+2 I

I k 1 k p

Let's compare this with our previous series expansion example, f 6

&l 27 4
f—g4 sm(2M)+—sm(6M) —sm(4M) e

B L GnBM) + = (M) + 2 sin(5 M) 265 + - §n(4M) - ~sin(2M) 26
Sln sin SN e — SN - —9n e
E 192 384 ¢ T 6 5

1 0 1
+g—sin(3 M) - ~sin(M)Ze> += e sin(2 M) + esin(M) + M
8 8 AP

&N Jk(ke)sin(kM)Q
M+2¢ & +
j k=1 K &
series(wbs(seq(Jk(ke) =BesselJ(k, ke),k=1..N),%),e, N+1)

: 1. 2 B 1. 03 & 1. 04
M+sm(M)e+§sm(2M)e +g—sm(3M)- —sm(M)$e +g§sm(4M)- Esm(ZM)Ee

1 125
+g —sn(3M)+Esn(M)+?49n(5M) e +
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el 27 4 06 7
g—sm(Z M)+—sin(6M)- —sin(4M)ze +0O(e")
L 48 80 15 a

simplify( convert(%, polynom) - rhs(f 6))

i 0
I Since

2 ¥ 29

1=34(%) +2Ekile(x) 3

we know that the series

f-M ;g Jk(ke)sm(kM)

2 y=1 k

| isabsolutely convergent.

'=| Chebyshev Polynomials

=l Definition

I Suppose we expand a function f(x) in a Chebyshev series:
¥

f(x)= & T (x)
k=0 K k
The Chebyshev polynomials of the first kind are defined
T (%) = cos(kq)
where x = cos(q). An explicit polynomial representation is

(n- 2k)t:')

Fn2l 1\ Kin- k-
2Tn(x)=n§ 42 (1) (n- k- 1)1 (2%)

K=0 Kl (n- 2Kk)! =

[ For example, the first several Chebyshev polynomials are
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5 2Kk) =
| | 2 n(-0fm-k- 1 ex'" 2
for j to 12 dovalueksubsgn=j, T (x) = a
n k=0 2Kk (n- 2k)!
Tl(x)=x
_ 0 2
T2(x)—2x 1



T3(x)=4x3- 3X

T4(x)=8x4- 8x2+1

T5(x)=16x5- 20x3+5x

T6(x)=32x6- 48x4+18x2- 1

T7(x)=64x7- 112x5+56x3- 7 X

Ty(x) =128 8- 25658 + 160 %+ - 32x° +1

T4(%) =256 %0- 576X’ +432X° - 120 + 9x

T ((¥) =512 0. 12808 + 11208 - 400x* +50%°- 1

T,,(x) =1024 L. 2816 X7+ 2816 X' - 1232 %%+ 220X - 11 x

T ,(x) =2048 2 - 6144 x10 + 60128 - 3584 X8 + 8407 - 722 +1

I Chebyshev polynomials satisfy the following differential equations:

287 2 a6 o
(1- x >gﬂx—ﬂxy<x>3- xEo YOO T+E Y00 =0 for T, ()
and
e 2 o]
éﬂ—y(q);+ k2y(q) =0for T, (cosq)
1979 ] K

[ Hereisagraphical view of the first seven polynomials:
[ with( polynomials)
( plotpoly([ 1, 2,3,4,5,6,7], T)
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Chebyshev type 1

1 ]

0.8-

06-

0.4

0.2
T[n](x) o

0.2
-0.4-
-0.6-
-0.8

14 08 -06 04 02 0 02 04 06 08 1
L X

=] A Recurrence Relation

From the definition Tk(x) =cos(kq), we have
| cos((k+1l)*theta): % = expand(%;

L cos((k+1) q) =cos(qk) cos(q) - sin(q k) sin(q)

[ or,

subs(A =sin(q k) sin(q), isolate(subs(sin(q k) sin(q) = A, %), A))

sin(q k) sin(q) = - cos((k + 1) q) + cos(q k) cos(q)
[ We aso have

cos((k+2)*theta): % = expand(%;

cos((k+2) q) =2cos(q k) COS(Q)Z- cos(q k) - 2sin(q k) sin(q) cos(q)
[ or, substituting for sin(q k) sin(q),

al gsubs( %6%6%, %)
L cos((k+2) q) =-cos(q k) +2cos(q) cos((k+ 1) q)

From this we have the useful recurrence relation

Tk+2:2XTk+1- Tk

=] Orthogonality

( The Chebyshev polynomials are orthogonal:

Page 10



Tn(cosq)Tm(cosq)dqzo for nt m

o (ele)s) s}

and

p
2 _ g]:o
Tn(cosq) dg= forg]1 o

o OO0
(DWDDIDD
N o o
cmococ

cc

If we write x = cos g, these become

=

TOOT (%)

dx=0fornt m

1-x2

ODOOOOO-

1
=

and

OO0DOO0O0OO0O
o
X
1]
(DD

1
=

=] Least SquaresFit and Deter mination of Chebyshev Series Coefficients

Let us write the truncation error for an order N approximation of f(x):
& N 0
e =f(x)- % 8 aT (x)—
One measure of goodness of fit of a polynomial to afunction isthe least squares integral

1

2d
w(Xx) eN X

SN

CWOOO

-1

for some weighting function w(x). To minimize SN we set % SN =0for al the 8 finding

[EY
Z

-
a a T(x)— ) dx=0
=0 11}

e

e
2 w(X) %f(x)

OTDOOOO-

n

1
=
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1
L et the weighting function be w(x) = . Then
Al 1- x2

1 1
o) o)
N 9 T.()T (X 9 fO) T ()
& a8 —F—— =8 —F——
n=0 g /\/1-x2 B8 /\/1-x2
o o
-1 -1

Using the orthogonality relations, we arrive at the results

=

o
P
I
ols>lolelala)
[l | P
' x
>< N—r
N
o
<

=

and

[EnY

() T, (X)

—F—dx fork® 0
/ 2
1- X

These are equivalent to

o]
1
N
, OTPOOOOD:

=

P
)
Pay= 8Of(cosq) dg

and
ép
pak=28 f(cosq) cos(kq) dg fork O
0

| wherecosq =x.

=] A Chebyshev Series Expansion

|=] Determination of the Coefficients

Supposewe expand f - M =esinf inaChebyshev series:

¥
esinf= & 2a T (cosM)
k=1 KK

The coefficients are
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P
pak:§ esin(f) cos(kM) dMm
0

| Integrate this by partsto get
p ak = intparts(rhs( %), sin(f ))

©

cos(f)%eﬂle%esin(kM)

k

_sin(f(e p)) esin(kp)
a = " -

am

o OO0OO0O0OO0O-

Thefirst termis zero, so we are left with p a, = select(has, rhs(%), Int)

K

©

cos(f)%eﬂiMf%esin(kM)

dM
k

©
Q
=
1]
1
o OO0OO0O00O00-

5] o]
Again, gﬂle gecos(f)szd(esin(f)). Sincewe can writeesinf =f - M, we again have
d(esin(f))=df - d M and, therefore,

p p
sin(k M) sin(kM)

dM -
Kk k

f

Pa =

o OO0
o OoaDOOO-

[Thefirstintegral is
Int(sin(k*M/k, MEO. . Pi): %= val ue(%;

P
sin(kM cos(k -1

k k2

o OaDOOO-

Hence, we have

p
_1- cos(kp)

k2

sin(k (f - esin(f)))
” df

P&

o OO0

Now, the Weber function is defined as
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P
PE (x)=§ sn(ng- xsin(q)) dq
0

Therefore, we have

1-costkp)  KK®
012 k
and
F¥x & cos(kp) E(ke)o 2
f:M+§a 2% 5 " —T(cosM)—
k=1 p K %] a

=] The Weber Function

Thefirst few terms of the series expansion of Ek(x) are
Ek(x) = series( WeberE(k, x), X, 8)
.aék 0 adk 0 .adk 0
sing-kp= cosg-kp= sing-kp=
gz pz 1 ng pfa 1 gz pfa
E (x) = 5 +- .. 5 X"
K % 1 o 2 a8 1 68 1 1
1- —k (%1 —k= —- —kTCGg= —k— (%2-—k 2+ k—
[} 2 @ 2 258 2o
K 0 .aﬂk 0
cosg-kp= sing-kp=
2 1 %2 pﬂ 3 1 gZ pﬂ 4
X"- = ~ X+ X+
8 A8 B ® 132 19
%2 2 z(%z 2% %2 2 o
k i aak 2
co T sing-kp=
1 %2 P 5 1 gZ P 6
— X - — X -
2@ 10 106 642 10 10
ETRPRE PP % P S
K 0
cosg-kp=
1 %2 pﬂ 7 8
~X +0O(x")
128 a9 1ko C) lk—
2 2582 2 g
lim convert(rhs(%), polynom)
k® 6
2 x(-143x2- 13x4- 3861+x6)
135135 p

[ Compare with the definition:
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&€ p
g sin(ng- xsin(q)) dg
0

x
(o]

Q.."...|..|..|..|..|.O;

seriesé 0
_cos(pn)-1+ cos(pn)+1 “ cos(pn)-1 x2+
np (n+1)(n-1)p n(n+2)(n-2)p
cos(pn) +1 3 cos(pn) - 1 4
(n+3)(n-3)(n+1)(n- 1)p ~ n(n+4)(n-4)(n+2)(n-2)p "
cos(pn)+1 5
(n+5)(n- 5)(n+3)(n- 3)(n+1)(n- 1)p
cos(pn)-1
n(n+6)(n- 6) (n+4)(n- 4)(n+2)(n-2)p .
cos(pn)+1
(n+7)(n-1)(n-7)(n+5)(n-5)(n+3)(n-3)(n+1)p

x7 + O(x8)

lim  convert(%, polynom)
n® 6

2 x(-143x2- 13x4- 3861+x6)

" 135135 p

[ It appears Maple's definition differs by aminus sign, so we'll define our own Weber function.

& p 0

g sn(nq- xsin(a))dg =

0 H

W:=fng n, X+
L p o}

[ Compare the two functions:

plot3d(W(3, x) - WeberE(3, x),x=-1..1,k=1..10, grid=[ 30, 30], orientation = [ - 125, 60],
shading = xyz, lightmodel = light3, title = "W(Kk,X) - WeberE(k,x)")
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W(k,x) - WeberE(k,x)

Aha, thisisjust numerical noise, so it's the Maple series expansion for Weber functions,
| procedure “series’WeberE', that has the minus sign error, not the Weber function itself.

/=] Comparison to the Taylor Series Expansion

L et's compare the Chebyshev expansion for f with our previous series expansion example, f 6
f=M+sin(M)e+=sin(2M) e +E-sin(3M) - ~ s M—.'.3
= sin(M) e+—=sin € g sin - —sin(M)=ze
(M) 2 (2M) 8 (3M) 8 ( )z

& Lgnam) +Tsnam) 268 + & 2L Gn(3 M) +— sin(M) + == sn(5 M) 262

£ 6 3 5° T8 128 192 384 5

+§£sin(2M)+zsin(6M)-isin(4M)ge6
48 80 15 5

[ f taylor :=fn(rhs(f 6), e, M)

EN B costkp) WSO g
M +§ a 2% 5 - " ;orthoponT( k,cos(M))z
! k=1 p K 12} a

subs(seq(E, (k e) = WeberE(k, ke), k=1.. N), %)

[ f weber :=fn(%, e, M)
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| sulbs( seq( E (ke)=W(k ke),k=1..N), %%%)

[ expansion(%, e, N)

collect(%, e, combine)

1 (132cos(M) - 17820 cos(3 M) + 62500 cos(5 M)) €0
51975 p

! (- 2112 cos(2 M) + 11264 cos(4 M) - 5184 cos(6 M)) &
10395 p

.1 (-B4cos(M) +972c0(3M)- 500 cos(5 M)) &
945 D

, 1 (112co(2M)- 64cos(4M)- 16 cos(6 M)) &
105 p

, 1 (-20cos(5M) + 140 cos(M) - 84 cos(3M)) €
105 p

+i(-14Ocos(2M)- 12 cos(6 M) - 28cos(4M))e+M
105 p

f weberx :=fn(%, e, M)
Kepler := proc(e, M) local E; option remember; fsolve(E - e*sin(E) =M, E) end
e0:=.8

plot([ O, f_taylor(e0, M) - 'Kepler(e0, M), f_weber(e0, M) - 'Kepler(e0, M),
f weberx(e0, M) - 'Kepler(e0, M)'], M=0.. 2p, color =[black, blue, red, green])

L

"
0.8
06
0.4
02

o
0.2
0.4
0.6

o 1 2 3
I M

[ Hmph. For some reason, the Chebyshev series approximation stinks.

Page 17



=l A Fancy 3D View of the Error
| with(plots)

-1.5

-0.5
- 0
sin M 4
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1NN}

-0.5

pl := tubeplot([ cos(M), sin(M), 0], radius=f_taylor(e0, M) - 'Kepler(e0, M), M =0..2p,
L color = blue, numpoints = 100, tubepoints = 50, style = patchnogrid)

p2 := tubeplot([ cos(M), sin(M), 0], radius=f_weber(e0, M) - 'Kepler(ed, M), M=0..2p,
L color = red, numpoints = 100, tubepoints = 50, style = wireframe)

p3 := tubeplot([ cos(M), sin(M), 0], radius = f_weberx(e0, M) - 'Kepler(eO, M), M =0..2p,
L color = green, numpoints = 100, tubepoints = 50, style = wireframe)

display(pl, p2, p3, orientation = [ 35, 40], lightmodel = light2, labels=["cosM", "sin M", ""

-1.5

o5 cos M

)]



